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Abstract
Compression sensing magnetic resonance imaging (CS-MRI) provides a theoretical
basis for reducing magnetic resonance (MR) data acquisition time and accelerating the
imaging process. In recent years, the CS-MRI algorithm based on deep learning has
attracted signiﬁcant attention and developed rapidly in theoretical research. However,
the compression sensing based methods do not capture the detail component of an image very well. Inspired by this, we propose an improved learning iterative shrinkagethresholding algorithm for convolutional sparse coding (CSC) and unfold it with neural
networks, named an approximate residual convolutional sparse coding network (ARCSCNet). The new network improves learning ability and efﬁciency to capture the highfrequency details of the image compared to other algorithms. Firstly, unlike the traditional CSC algorithms, we relax the constraints on a single convolutional dictionary and
extract higher-level detail features using multiple iterative layers corresponding to different convolutional dictionaries. Secondly, we add residual structures to the network
to preserve the low-frequency MR images of under-sampled k-space data. Thirdly, we
introduce the data consistency layer to enhance the ﬁdelity of the k-space data, thereby
improving the reconstruction performance of the network. Experimental results show
that ARCSC-Net is superior to the state-of-the-art CS-MRI methods in terms of runtime
and reconstructed image quality.

1 Introduction
Magnetic resonance imaging (MRI) is an important diagnostic method in the medical
ﬁeld [1, 19, 39]. It is popular for achieving high-resolution images and providing clinicians
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with rich diagnostic information. In addition, the technique does not produce ionizing radiation on the patients during clinical examinations. However, the imaging speed of MRI
is slow and usually takes a lot of scanning time to produce high-quality images. Therefore,
it is necessary to reduce scanning time without sacriﬁcing image quality using fast MRI
technology.
Compression sensing (CS) is an effective method for fast MRI [9, 10]. It is designed
to reconstruct MR images from under-sampled k-space data that is much less than Nyquist
sampling, using prior information such as sparseness [5, 17], local or non-local similarity of images [8, 27], or low rank [13, 18]. For compression sensing magnetic resonance
imaging (CS-MRI), the key to improving the reconstruction performance is the sparse regularization associated with data a priori. Traditional CS-MRI methods typically explore
sparse regularization in speciﬁc transformation domains [7, 12, 20, 22] or dictionary-based
subspaces [3, 4, 15, 21]. However, these methods cannot meet the requirements of MRI
reconstruction in both running time and reconstruction performance.
Recently, deep learning has made encouraging achievements in some tasks, such as image classiﬁcation [33, 37] and medical image reconstruction [24, 29]. Inspired by this,
many studies have applied deep learning to MRI reconstruction and achieved signiﬁcant
performance gains [16, 28, 30, 31, 34, 35, 36, 38]. These methods can be divided into
two categories. The ﬁrst category directly uses neural networks to end-to-end learn the
mapping between zero-ﬁlled reconstruction images and fully-sampled reconstruction images [28, 31, 34, 35]. The second category combines the advantages of model-driven and
data-driven methods to build iterative neural networks by combining forward neural networks with traditional iterative algorithms [16, 30, 36, 38].
Inspired by unfolding iterative algorithms, we propose an iterative neural network based
on convolutional sparse coding (CSC) for CS-MRI.
The main contributions of our work are as follows.
• Based on the iterative shrinkage-thresholding algorithm (ISTA) for the CSC problem,
we propose an improved learning ISTA.
• Based on the proposed learning ISTA, we propose an approximate residual convolutional sparse coding network (ARCSC-Net) for CS-MRI.
The remainder of this article is organized as follows. Section 2 describes the proposed
algorithm and network. The experiments and results are presented in Section 3. The ﬁnal
section concludes this paper.

2 Proposed method
2.1 Improved learning ISTA for CSC
In this section, we ﬁrst brieﬂy review the general CS-MRI model and the theoretical
knowledge of CSC, then detail the proposed improved learning ISTA for CSC.
2.1.1 The CS-MRI Model
Assume x ∈ CN is an MR image to be reconstructed, y ∈ CM (M < N) is the undersampled k-space data. The general CS-MRI model can be described as:
{
}
1
2
∥y − Fu x∥2 + λ ∥Ψx∥1
x̂ = arg min
(1)
2
x
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where Fu is an under-sampled Fourier transform matrix, Ψ is a sparse transformation mapping matrix. In Eq. (1), the former is the data ﬁdelity term, and the latter is the regularization
term. λ is the regularization parameter that balances the two terms.
2.1.2 Convolution sparse coding
It is a classical approach to split the signal into patches and solve sparse coding (SC)
separately:
min ∥z∥1 s.t.x = Dz
(2)
where z ∈ Rm is the sparse representation of x ∈ Rn under over-complete dictionary D ∈ Rn×m .
However, it takes a signiﬁcant amount of time to solve SC on all patches. Due to shiftinvariance in images [32], learning the dictionary independently on each patch will lose its
external spatial information.
CSC is adopted to apply additional prior knowledge based on the entire signal [14, 23].
CSC uses the convolutional dictionary:
1
arg min ∥x − Dz∥22 + λ ∥z∥1 .
2
z
A popular technique to minimize Eq. (3) is the ISTA [6] iteration:
(
)
zk = Sθ zk−1 + DT (x − Dzk−1 ) , k = 1, · · · , K,

(3)

(4)

where K is the maximum value, and Sθ is the soft-thresholding operator that is expressed as
Sθ (x) = sign(x) max(|x| − θ , 0).

(5)

Moreover, Sreter and Giryes [32] proposed approximate convolutional sparse coding (ACSC)
for image denoising. ACSC learns the convolution dictionary and minimizes Eq. (3) by Eq.
(6)
(
)
zk = Sθ zk−1 + DTe (x − Dd zk−1 ) ,
(6)
where De and Dd are different convolution dictionaries.
2.1.3 Improved learning ISTA for CSC
The ISTA is a classic method for solving linear inverse problems. This section proposes improvements to the learning ISTA for CSC in [32]. The CSC model is suitable for
high-frequency modeling components [11]. Unlike the CSC model acting on the whole
image [32], we divide the image into two parts: the low-frequency and high-frequency components. We use the zero-ﬁlling MR image x0 as the low-frequency component. We use
the CSC model to capture the image detail information and reconstruct the high-frequency
components from the original input signal x0 . The algorithm ﬁrst uses the CSC to obtain the
initial sparse coefﬁcient of x0 , then uses ISTA to update the sparse coefﬁcient, and then uses
the convolutional dictionary D to decode the zK and obtain the reconstructed high-frequency
components. Finally, it is superimposed with x0 to get a complete reconstructed image x̂.
The iterative steps are as follows:
z0 = DTe x0 ,
(7)
(
)
zk = Sθ zk−1 + DTe (x0 − Dd zk−1 ) , k = 1, · · · , K,

(8)
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x̂ = DzK + x0 ,

(9)

where zk and zk−1 represent the sparse coefﬁcient of the current and previous iteration, respectively. Sθ is the soft-thresholding operator, and DTe (x0 − Dd zk−1 ) represents the error
correction term. The ISTA algorithm minimizes the error correction term as much as possible in each iteration, updating the sparse coefﬁcient of this iteration to make it better than
the result of the previous iteration.
We summarize the improved learning ISTA for CSC in Algorithm 1.
Algorithm 1 Improved learning ISTA for CSC
Input: original signal x0
Initialization: De , Dd , D, z0 = DTe x0
for iteration k = 1 : K do
Update zk of the current iteration using Eq.(8)
end for
Reconstruct signal x̂ via Eq.(9)
Output: The ﬁnal sparse coding zK , the reconstructed signal x̂

2.2 Proposed ARCSC-Net
In this section, we ﬁrst outline the overall architecture of the proposed ARCSC-Net, then
describe its critical components in detail.
2.2.1 ARCSC-Net for CS-MRI

Figure 1: The architecture of ARCSC-Net. There are M sub-networks, each of which
includes the ARCSC model and data consistency(DC) layer.
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The proposed ARCSC-Net for CS-MRI is shown in Figure 1. It consists of a series
of cascading sub-networks, each containing an ARCSC model and two DC layers. The
ARCSC model ﬁrst decomposes the input complex data into real and imaginary parts, then
encodes and decodes them respectively, and ﬁnally synthesizes the decoding results to obtain
the reconstructed complex image. The DC layer improves the ﬁdelity of the input image
corresponding to the k -space data in the model.
First, a zero-ﬁlling MR image X0 = IDFT (Ku ) is generated from under-sampled k-space
data Ku , which is then fed into a series of cascading sub-networks for reconstruction. We
represent the reconstructed MR image as X̂ and the entire network model as f (.). Assuming that the proposed ARCSC-Net has M sub-networks, the m-th (1 ≤ m ≤ M) sub-network
outputs the current prediction Xm based on the output Xm−1 of the previous iteration and the
input X0 of the network. Xm can be expressed as:
Xm = fm (X0 , Xm−1 )

(10)

where fm represents the operation of the m-th sub-network, the ﬁnal reconstructed MR image
can be described as:
X̂ = fM (X0 , XM−1 )
(11)
2.2.2 ARCSC-model
The ARCSC model contains two sub-modules (Codec block) with the same structure,
which process the real and imaginary parts of the input data. The codec block is the core
of the ARCSC model. The key for the codec block to learning input data features is the
excellent performance of convolutional dictionaries in extracting features. As shown in the
pink part of Figure 1, the codec block adopts ARCSC-Ne to obtain an accurate sparse coding,
then decodes the sparse coding to get a reconstructed signal, and adds the reconstructed
signal with the input signal to form the image domain residual structure. This will further
deepen our network.
2.2.3 Residual structure
With the deepening of network construction, the redundancy of some features information in the model increases, which may lead to the overall network losing sensitivity to the
details of the image outline in the learning process, thereby restricting network performance.
We introduce a residual structure in ARCSC-Net so that each level of the sub-network not
only connects to the output of the previous sub-network but also receives the input undersampled MR image. To a certain extent, it enhances the feature learning ability of the subsequent sub-networks, solves the problem of increasing the redundancy of feature information
in the network, delays the gradient disappearance problem, and makes the loss function
guiding the network training converge faster and better, thereby further improving the reconstruction performance of the overall network.
2.2.4 Relax convolutional dictionary constraints
Unlike the single convolutional dictionary used in the MRI under-sampling reconstruction network based on CSC, ARCSC-Net relaxes the constraint restrictions on the CSC single
dictionary, using multiple convolutional layers corresponding to different convolutional dictionaries Dd and De , and completing the codec process in a manner that ACSC. ARCSC-Net
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uses multi-layer convolution to extract higher-level features and obtain richer information,
which is of great help in improving the performance of network reconstruction.
2.2.5 Data consistency layer
ARCSC-Net uses the DC layer across multi-level sub-networks to implement constraints
on k-space data. The DC module in Figure 1 is the data consistency layer, and its internal
structure is shown in the blue part of Figure 1. It updates Xin to Xout according to the ﬁdelity
of the data in the k-space as follows.
Xout = dc(Xin , Ku ) = idft(K̂ ⊙U + Ku )

(12)

where dft represents a 2D discrete Fourier transform (DFT) and idft is a 2D inverse discrete Fourier transformation (IDFT). Ku represents known under-sampled k-space data, U is
the sampling matrix, and K̂ represents the k-space data corresponding to the reconstructed
image.
2.2.6 Network training
During training, we consider the data loss of both the image space domain and the kspace domain and use the MSE and MAE weighted combination method to construct the
loss function of the network. We set the weight of the MSE to 0.2 and the weight of the
MAE to 0.8. We minimized the loss function through the Adam optimizer.

3 Experiments and results
In this section, we conduct extensive experiments to evaluate the reconstruction performance of ARCSC-Net proposed in this paper.

3.1 Implementation details
We train and test ARCSC-Net on brain and knee datasets. We randomly select 100 images of each dataset for training and another 100 for testing. The pseudo-radial sampling
scheme shown in Figure 2 is used in the experiment to learn ARCSC-Net for various sampling rates. We set the convolutional kernel size of the convolutional layer to 3 × 3, the step
size to 1, the convolutional layer ﬁlter to 64, and the additional activation function to the
ReLU function. Each sub-network iterates over the input image data into real and imaginary
parts. The Adam optimizer trains the network to achieve gradient descent and backpropagation. The learning rate is initialized to 2 × 10−4 . The model uses the TensorFlow framework
and is trained on a GPU with NVIDIA GTX 1080 Ti.
To evaluate the performance of ARCSC-Net proposed in this paper, we compare it to
ﬁve state-of-the-art CS-MRI methods, namely SIDWT [2]; PBDW [25]; PANO [26]; ReconGAN [28]; ReﬁneGAN [28]. All the code for the above comparison experiments is
downloaded from the author’s website and reproduced strictly following the original paper.
In order to quantitatively evaluate the reconstruction performance of various methods,
the peak signal-to-noise ratio (PSNR) and structural similarity index measure (SSIM) are
used as objective evaluation indicators of experimental results.

WANG, ET AL.: APPROXIMATE RESIDUAL CONVOLUTIONAL SPARSE CODING NETWORK 7

(a) 30%

(b) 40%

(c) 50%

(d) 60%

Figure 2: Pseudo radial sampling masks used in our experiments.

3.2 The impact of the number of sub-networks and the number of
iteration layers
Figure 3 and Figure 4 show the quantitative results of reconstructing brain images using
ARCSC-Net under a 30% pseudo-radial sampling pattern, the number of iteration layers is
20, a different number of sub-networks, and 30% pseudo-radial sampling pattern, the number
of sub-networks is 3, and different iteration layers, respectively. It can be seen that both the
PSNR and SSIM of the reconstructed image increase with the increase in the number of subnetworks and iteration layers. In Figure 3, as the number of iterations increases, the PSNR
value increases by about 3dB and the SSIM value increases by about 0.008 as M increases
from 1 to 3. In Figure 4, as the number of iterations increases, the PSNR value increases by
approximately 0.5dB and the SSIM value by about 0.0008 as the number of iteration layers
increases from 3 to 20. In particular, when the number of sub-networks M and the number
of iteration layers reaches 3 and 20, respectively, the performance of ARCSC-Net reaches
saturation. Therefore, within a speciﬁc range, the increase of parameter M and the number
of iteration layers can improve the reconstruction performance of the network. In addition,
in subsequent experiments, we set the default values for M and the number of iteration layers
to 3 and 20, respectively.

Figure 3: M vs PSNR(left) M vs SSIM(right).

3.3 Comparison with other advanced CS-MRI methods
Figure 5 and Figure 6 show the quantitative results of different methods at different sampling rates using a pseudo-radial sampling scheme. We can see that the proposed ARCSC-
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Figure 4: layer vs PSNR(left) layer vs SSIM(right).

Net reconstructs the most accurate results compared with other methods. ARCSC-Net based
on CSC has excellent performance for high-frequency image reconstruction. With the increase of the sampling rate, the high-frequency information contained in the under-sampled
images increases, and the high-frequency details of the images are gradually enriched. Thus,
the quality of the images reconstructed by ARCSC-Net is much better than that of other
methods under the same sampling rate. At a sampling rate of 30%, ARCSC-Net obtains
performance improvement at least 5.5dB higher in PSNR than other methods. When the
sampling rate reaches 60%, the PSNR of the reconstructed images by ARCSC-Net is at least
7.5dB higher than that of other methods. In addition, the images reconstructed by ARCSCNet have higher SSIM and smaller variance. Compared with other methods, ARCSC-Net
has higher structural stability.

(a) 30%

(b) 40%

(c) 50%

(d) 60%

Figure 5: PSNR evaluations on the brain test set.

(a) 30%

(b) 40%

(c) 50%

Figure 6: SSIM evaluations on the brain test set.

(d) 60%
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Figure 7 and Figure 8 show a visual comparison of brain data at 30% and 40% sampling
rates. It is worth noting that in Figure 7 and Figure 8, the color range of the error image
in the second row is [0,40] and [0,25], respectively. With the increase in sampling rate,
the error of the under-sampled image decreases. Different methods are used to reconstruct
the under-sampled image, and the error of the reconstructed image is less than that of the
under-sampled image. From all the corresponding error images of reconstructed images, we
can see that our proposed ARCSC-Net obtains the highest-quality images with the minimum
reconstructed error.

Figure 7: Results on brain MR images using 30% pseudo radial undersampling.

Figure 8: Results on brain MR images using 40% pseudo radial undersampling.
We further investigated the performance of ARCSC-Net to reconstruct knee data. The
sampling pattern used in the experiment is pseudo-radial, with a sampling rate of 30%. The
visualization results are shown in Figure 9, and the color range of the error image in the
second row is [0,30]. It can be observed that our proposed ARCSC-Net can reconstruct
the image details more accurately with the minimum reconstruction error. Knee data are
complex-valued data with less detailed information than brain data. In the reconstruction
of knee images, CSC can not give full play to its advantages of learning high-frequency
details. The CSC-based method can better reconstruct MR images with more high-frequency
information.
To demonstrate the ability of the ARCSC-Net to handle noise. We add Gaussian white
noise with a standard deviation of 0.015 to the real and imaginary parts of the original k-space
data. The reconstruction performance of different methods in noise conditions is investigated
under a pseudo-radial sampling scheme of 30%. In contrast, other methods are dramatically
affected by noise. Our ARCSC-Net yields superior or comparable reconstruction results with
other CS-MRI methods using pseudo-radial sampling schemes.
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Figure 9: Results on knee MR images using 30% pseudo radial undersampling.

3.4 Runtime
In this section, we compare the runtime of ARCSC-Net with other advanced CS-MRI
methods. As shown in Table 1, deep learning-based ReconGAN, ReﬁneGAN, and ARCSCNet run in less than a second, far shorter than CPU-dependent SIDWT, PBDW, and PANO.
At GPU acceleration, neural network-based models are reconstructed much faster than nonneural network methods. Experiments have shown that ARCSC-Net has better reconstruction performance without signiﬁcantly increasing runtime.
Table 1: Running time comparison of different methods on brain datasets using 10%
pseudo radial mask.
Methods
SIDWT
PBDW
PANO ReconGAN ReﬁneGAN ARCSC-Net
Times(seconds) 22.32814 98.48442 23.51991
0.06075
0.10615
0.11341

4 Conclusion
In this paper, we propose an improved learning ISTA for CSC and expand it into a novel
CS-MRI deep network called ARCSC-Net. The proposed ARCSC-Net combines the advantages of traditional iterative algorithms and deep neural networks, which has good interpretability and excellent reconstruction performance. We compared it with the state-of-theart CS-MRI methods on brain and knee images. Numerous experiments have shown that our
network performs better in quantitative comparison and visual quality. In the future, we will
study the optimization algorithm of the CSC model under the constraints of the l0 norm and
unroll it to an iterative neural network.
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