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1 Fractional Optimization Model

The fractional optimization model of pre-fused image fpre generated according to infrared
image fir and visible image fvis is as follows:

argmin
f

1
2
∥ f − fir∥2

F +
µ

2
∥Dv f f −Dv fir fir −Dv fvis fvis∥2

F . (1)

where ∥·∥F represents the Frobenius norm, Dvs denotes the v-order discrete fractional gradi-
ent of s ∈ Rn×n [3].
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and

cv
k = (−1)k
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,cv
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2,(D
v)T

(
s1
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)
= Ms1 + s2M. (3)
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Let

ϕ1( f ) =
1
2
∥ f − fir∥2

F =
1
2

Tr[( f − fir)
T ( f − fir)],

ϕ2( f ) =
µ

2
∥Dv f f −Dv fir fir −Dv fvis fvis∥2

F

=
µ

2
Tr[(Dv f f −Dv fir fir −Dv fvis fvis)

T (Dv f f −Dv fir fir −Dv fvis fvis)]

=
µ

2
Tr[

(
M f f −Mir fir −Mvis fvis
f M f − firMir − fvisMvis

)T (M f f −Mir fir −Mvis fvis
f M f − firMir − fvisMvis

)
]

=
µ

2
Tr[(M f f −Mir fir −Mvis fvis)

T (M f f −Mir fir −Mvis fvis)]

+
µ

2
Tr[ f M f − firMir − fvisMvis)

T ( f M f − firMir − fvisMvis)],

(4)

where Tr denotes the trace of the matrix. ϕ1( f ) and ϕ2( f ) are convex functions. The proof
is as follows.

Given the function Φ : R1 → R2 is considered as a convex function, then it satisfies:
∀(x1,x2,τ) ∈ R1 ×R2 × [0,1],s.t.Φ[(1− τ)x1 + τx2]≤ (1− τ)Φ(x1)+ τΦ(x2).

Proof 1. Let f1 and f2 are two points in the domain of ϕ1( f ), we can obtain that:

ϕ1( f1) =
1
2

Tr[( f1 − fir)
T ( f1 − fir)] =

1
2

Tr( f T
1 f1)−Tr( f T

1 fir)+
1
2

Tr( f T
ir fir), (5)

ϕ1( f2) =
1
2

Tr[( f2 − fir)
T ( f2 − fir)] =

1
2

Tr( f T
2 f2)−Tr( f T

2 fir)+
1
2

Tr( f T
ir fir), (6)

(1− τ)ϕ1( f1)+ τϕ1( f2) =
1− τ

2
Tr( f T

1 f1)+
τ

2
Tr( f T

2 f2)+
1
2

Tr( f T
ir fir)

− (1− τ)Tr( f T
1 fir)− τTr( f T

2 fir),
(7)

ϕ1[(1− τ) f1 + τ f2] =
1
2

Tr{[(1− τ) f1 + τ f2 − fir]
T [(1− τ) f1 + τ f2 − fir]}

=
(1− τ)2

2
Tr(( f T

1 f1)+
τ2

2
Tr(( f T

2 f2)+
1
2

Tr(( f T
ir fir)

+ τ(1− τ)Tr(( f T
1 f2)− (1− τ)Tr(( f T

1 fir)− τTr( f T
2 fir).

(8)

Based on Eq.(7) and Eq.(8), we can obtain that:

(1− τ)ϕ1( f1)+ τϕ1( f2)−ϕ1[(1− τ) f1 + τ f2] =
τ(1− τ)

2
Tr( f T

1 f1)+
τ(1− τ)

2
Tr( f T

2 f2)

− τ(1− τ)Tr(( f T
1 f2)

=
τ(1− τ)

2
Tr[( f1 − f2)T (( f1 − f2)]

=
τ(1− τ)

2
∥ f1 − f2∥2

F ≥ 0,

(9)

that is, ϕ1[(1− τ) f1 + τ f2]≤ (1− τ)ϕ1( f1)+ τϕ1( f2), which means that ϕ1( f ) is convex.
Proof 2. Let f1 and f2 are two points in the domain of ϕ2( f ), we can obtain that:
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ϕ2( f1) =
µ

2
Tr[(M f f1 −Mir fir −Mvis fvis)

T (M f f1 −Mir fir −Mvis fvis)]

+
µ

2
Tr[ f1M f − firMir − fvisMvis)

T ( f1M f − firMir − fvisMvis)]

=
µ

2
Tr( f T

1 MT
f M f f1)+

µ

2
Tr( f T

ir MT
ir Mir fir)+

µ

2
Tr( f T

visM
T
visMvis fvis)

−µTr( f T
1 MT

f Mir fir)−µTr( f T
1 MT

f Mvis fvis)−µTr( f T
ir MT

ir Mvis fvis)

+
µ

2
Tr(MT

f f T
1 f1M f )+

µ

2
Tr(MT

ir f T
ir firMir)+

µ

2
Tr(MT

vis f T
vis fvisMvis)

−µTr(MT
f f T

1 firMir)−µTr(MT
f f T

1 v fvisMvis)−µTr(MT
ir f T

ir fvisMvis),

(10)

ϕ2( f2) =
µ

2
Tr( f T

2 MT
f M f f2)+

µ

2
Tr( f T

ir MT
ir Mir fir)+

µ

2
Tr( f T

visM
T
visMvis fvis)

−µTr( f T
2 MT

f Mir fir)−µTr( f T
2 MT

f Mvis fvis)−µTr( f T
ir MT

ir Mvis fvis)

+
µ

2
Tr(MT

f f T
2 f2M f )+

µ

2
Tr(MT

ir f T
ir firMir)+

µ

2
Tr(MT

vis f T
vis fvisMvis)

−µTr(MT
f f T

2 firMir)−µTr(MT
f f T

2 v fvisMvis)−µTr(MT
ir f T

ir fvisMvis),

(11)

ϕ2[(1− τ) f1 + τ f2] =
µ(1− τ)2

2
Tr( f T

1 MT
f M f f1)+

µτ2

2
Tr( f T

2 MT
f M f f2)+

µ

2
Tr( f T

ir MT
ir Mir fir)

+
µ

2
Tr( f T

visM
T
visMvis fvis)+µτ(1− τ)Tr( f T

1 MT
f M f f2)−µ(1− τ)Tr( f T

1 MT
f Mir fir)

−µ(1− τ)Tr( f T
1 MT

f Mvis fvis)−µτTr( f T
2 MT

f Mir fir)−µτTr( f T
2 MT

f Mvis fvis)

+
µ(1− τ)2

2
Tr(MT

f f T
1 f1M f )+

µτ2

2
Tr(MT

f f T
2 f2M f )+

µ

2
Tr(MT

ir f T
ir firMir)

+
µ

2
Tr(MT

vis f T
vis fvisMvis)+µτ(1− τ)Tr(MT

f f T
1 f2M f )−µ(1− τ)Tr(MT

f f T
1 firMir)

−µ(1− τ)Tr(MT
f f T

1 fvisMvis)−µτTr(MT
f f T

2 firMir)−µτTr(MT
f f T

2 fvisMvis).

(12)

Based on Eqs.(10-12), we can obtain that:

(1− τ)ϕ2( f1)+ τϕ2( f2)−ϕ2[(1− τ) f1 + τ f2] =
µτ(1− τ)

2
Tr( f T

1 MT
f M f f1)+

µτ(1− τ)

2
Tr( f T

2 MT
f M f f2)

+
µτ(1− τ)

2
Tr(MT

f f T
1 f1M f )+

µτ(1− τ)

2
Tr(MT

f f T
2 f2M f )

=
µτ(1− τ)

2
(∥M f f1∥2

F +∥M f f2∥2
F +∥ f1M f ∥2

F +∥ f2M f ∥2
F )≥ 0,

(13)
that is, ϕ2[(1− τ) f1 + τ f2]≤ (1− τ)ϕ2( f1)+ τϕ2( f2), which means that ϕ2( f ) is convex.

According to the properties of convex functions, the sum of two convex functions in the
same domain is still a convex function [2], and the local minimum of the convex function is
the global minimum [4]. Therefore, we can find the global minimum of Eq.(1). Under the
first-order condition of Eq.(1), we can obtain that:

f − fir +µ(Dv f )T (Dv f f −Dv fir fir −Dv fvis fvis) = 0, (14)

then based on Eq.(2) and Eq.(3), we can obtain that:

f +µ(M2
v f

f + f M2
v f
) = fir +µ(Dv f )T (Dv fir fir)+µ(Dv f )T (Dv fvis fvis), (15)
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and
(E +µM2

v f
) f + f (µM2

v f
) = (E +µMv f Mv fir

) fir + fir(µMv fir
Mv f )

+ fvis(µMv fvis
Mv f )+(µMv f Mv fvis

) fvis,
(16)

where E denotes the identity matrix. We find that Eq.(16) is equivalent to the form of AX +
XB =C, namely Sylvester equation. It can be solved by the Bartels-Stewart algorithm [1].
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