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1 Fractional Optimization Model

The fractional optimization model of pre-fused image f,,. generated according to infrared
image f;, and visible image f,;s is as follows:

1 .
argmin 3 | = filf-+ 5 1D f = D% fr = D% o (1)

where ||-|| represents the Frobenius norm, D"s denotes the v-order discrete fractional gradi-
ent of s € R™" [3].

2¢f ¢ ¢ - o
c 2 :
Ms 2
V., nxn _ nxn
Ds-(sM)eR M = ¢ ¢ e R 2)
o2 e
ey 5 ¢ 2
and
cp = (—l)k (Z) ,e0=1,c=cy+c3, (DV)T (j;) =Ms| + oM. 3)

© 2022. The copyright of this document resides with its authors.
It may be distributed unchanged freely in print or electronic forms.


Citation
Citation
{Mei, Dong, and Huang} 2019


2 ZHANG ET AL: FRACTIONAL OPTIMIZATION MODEL FOR 1V IMAGE FUSION

Let
(1) = 317 = Fillt = 5T ~ 5 (F = i)
0a(f) = S 1D f = D fi = DV fi [
= STH(DY = DY fy = DV ) (D' f = DV iy = D fi)]

T
_ ruTr[<Mff_Mirfir _Mvisfvis> <Mff_Mirfir _Mvisfvis>}
2 fo_firMir_fvistis fo_firMir_fvistis

= %Tr[(Mff_Mirfir_Mvisfvis)T(Mff_Mirfir_Mvisfvis)]

+ %Tr[fo - ﬁrMir - fvistis)T(fo - firMir - fvistis)]a

“

where Tr denotes the trace of the matrix. ¢@;(f) and @,(f) are convex functions. The proof
is as follows.

Given the function @ : Ry — R, is considered as a convex function, then it satisfies:
V(x1,%2,7) € R X Ry X [0, 1]7.8‘.2‘.@[(1 —T)x1 + TXZ] <(1=17)P(x1) + TP(x2).

Proof 1. Let f] and f are two points in the domain of ¢; (f), we can obtain that:

1 1 1
o1 (A1) = STrl(fi = fi)"(Fi = fi)l = 5Tr(fL ) = Tr(fL fir) + 5 Tr(fi fir), - 9

1 1 1
01(£2) = STr(f= 1) (o= fil) = S TH L) = Tr(E fi) + 5T fi) (©)

1—
(=00 (A)+701() = T 1)+ 3T P+ 5TAULR)
- (1 - T)Tr(flrfir) - TTr(fZTfir)7
ol ~ )i+ 2l = S Tr{l = D) fi + 2o~ il (= D) i+ 22— fol}

1-1)? 2 1
=+ S sty ®
+2(1=)Tr((f{ f2) = (L= OTr((f fir) = Tr (] fir).

Based on Eq.(7) and Eq.(8), we can obtain that:
(I=Dei(fi) +1o1(f2) —@[(1 - D) fi +1fo] = WTr(f{fl)Jr 7:(12—1:) Tr(f] f2)
—t(1L=O)Tr((f{ f2)
— ©)]
= =D 1) (- )
= D5l o,

thatis, @;[(1 — 7) fi + 7/2] < (1 =7)@1(f1) + T¢1(f2), which means that ¢ (f) is convex.
Proof 2. Let f| and f are two points in the domain of @, (f), we can obtain that:
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(PZ(fl) = %Tr[(Mffl _Mirﬁr_Mvisfvis>T(Mffl _Mirﬁr_Mvisfvis>]

+ %Tr[f]Mf - firMir - fvistis)T(f]Mf - firMir - fvistis)]

= %Tr(flTM}];Mffl) + %Tr(fi]r“Mi];Mirﬁr) + %Tr(f\z"istTistisfvis) (10)

- /.LTI’( ITM};Mirfir) - [JT}”( ITM){Mvisfvis) - ,LLT}’( iZMiY;MViSfViS)
+ ST ] fidp) + ST £ fiMi) + ST 1 fusM)

- .uTr(MffleirMir) - “Tr(Mj{flTvaistiS) - NTV(Mgﬂffvist)a

0a(/2) = STr(F MEM o) + STr(FEMEM, i) + 5 Tr(Fh MMy i)

- .uTr(fZTM};Mirfir) - “Tr(fZTM]{Mvisfvis) - HTr(JcizMz'];Mvisfvis)
p It p
+ S Tr(Mp f2 M) + S Tr(My fiy firMir) + 5 Tr(Mys fyis frisMois)

- HTr(M;fgﬁrMir) - “Tr(M;szvaistis) - .UT"(Mgfizfvistis)a

Y

pi—1? ue
2 Tr( 2

+ %Tr(fvzi‘sMﬁstisfvis) +“T(1 - T)Tr(f{M;Mff2) - “(1 - T)Tr(flTMJ?M[rfir)
- [.L(l - T)Tr(flTMjZMvisfvis) - “TTr(fZTM/ZMirfir) - “TTr(fZTM/ZMVisﬁ*is)

p(1-7) ‘LZL Tr(MiniZfirMir)

(1= 0)fi +1f] = HMEM )+ (T MMy 1)+ ST M M)

12)

2 1'2
+ Tr(M] A7 i)+ B Tr(M] £ M)+

o+ ST MG i fuisMic) + 0 (1 = ) Tr(M] AT foMy) = (1= O)Tr(MF ] fiMiy)

— (1= O)Tr(M] f{ fuisMyis) — ueTr(Mf 3 firMir) = WTTr(M] £3 frisMyis)-
Based on Eqgs.(10-12), we can obtain that:

= ut(l—r1)
2

ut(l—r1)
2

ut(l—r1)
2

ut(l—r1)
2

(1=2)@2(fi) +12(f2) — @a2[(1 = 7)1 + T/ Tr(f{ MfMsfi) +

Tr(ff M} Myf>)

Tr(MY fT fiMy) + Tr(MJ £ f2My)

ut(l—7 . .
= BEOZD g i+ gl + g+ LMy ) 2,

13)
thatis, @ [(1 —7) fi + /2] < (1 —1)@2(f1) + T92(f2), which means that @»(f) is convex.
According to the properties of convex functions, the sum of two convex functions in the
same domain is still a convex function [2], and the local minimum of the convex function is
the global minimum [4]. Therefore, we can find the global minimum of Eq.(1). Under the
first-order condition of Eq.(1), we can obtain that:

[ = fr+ (D) (D! f = D"l fiy — D"his fis) = 0, (14)
then based on Eq.(2) and Eq.(3), we can obtain that:

fHRMEf+ M) = fir + (DY) (D" fir) +p(D')T (D fris), (15)
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and
(E+uM; ) f+ f(UM) = (E + My My ) fir+ fir(WMy, My,)

+ fvis(/vLMvaisMVf) + (MMVfMvaiS )fvim

where E denotes the identity matrix. We find that Eq.(16) is equivalent to the form of AX +
XB = C, namely Sylvester equation. It can be solved by the Bartels-Stewart algorithm [1].

(16)
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